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$L$ . , I. Fesenko
,
. ( ) ,
.
1.1. Zeta functions of arithmetic schemes. $Z$ $Xarrow$
$Spec(Z)$ , $\zeta_{X}(s)$ Euler :
$\zeta_{X}(s)=\prod_{x\in X_{0}}(1-|[\zeta x)|^{-s})^{-1}$ .
$X_{0}$ $X$ , $|\alpha x)|$ $x\in X_{0}$ $\alpha x$ ) $=\mathcal{O}_{X_{\nu}x}/m_{x}$
. Euler $\Re(s)>\dim X$ .
$\zeta_{X}(s)$ $\mathbb{C}$ , $\Gamma$ ,
([5]).
1.2. Zeta functions of dimension one schemes. $k$ , $\mathcal{O}_{k}$
. $B=Spec\mathcal{O}_{k}$ 1 .




. $\Gamma_{\mathbb{R}}(s)=\pi^{-s/2}\Gamma(s/2))\Gamma_{\mathbb{C}}(s)=(2\pi)^{-s}\Gamma(s)(\Gamma(s)$ $\Gamma$ $)$ , $d_{k}$
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$f_{0}$ Schwartz-Bruliat , $||$
inodule, $d\mu_{A_{k}^{x}}/$ $\mathbb{A}_{k}^{\cross}$ Haar .
$((f, s)= \int_{A_{k}^{X}}f(x)|x|^{s}d\mu_{A_{k}^{X}}(x)$
( $A_{k}$ ) .
Dedekind $\zeta_{k}(s)$ ( , ,
) $A_{k}$ Fourier
([12], [6] ). , .
$\zeta(f, s)$ $\Re(s)>1$ :
$\zeta(f, s)=\xi(f, s)+\xi(\hat{f}, 1-s)+\omega_{f}(s)$ .
$\hat{f}$ $f$ $A_{k}$ Fourier ,
$\xi(f, s);=\int_{x\in A_{k}^{x},|x|\geq 1}f(x)|x|^{s}d\mu_{A_{k}^{X}}(x)=\int_{1}^{\infty}\{\int_{A_{k}^{1}}f(x\gamma)d\mu_{A_{k}^{1}}(\gamma)\}x^{s}\frac{dx}{x}$
$\omega_{f}(s):=\int_{x\in A_{k}^{X},|x|\overline{\llcorner}^{1}1}(f(x)-|x|^{-1}\hat{f}(x^{-1}))|x|^{s}d\mu_{A_{k}^{x}}(x)$
$(A_{k}^{x}=(0, \infty)\cross A_{k}^{1}, A_{k}^{1}=\{x\in A_{k;}|x|=1\})$ . $\xi(f, s),$ $\xi(\hat{f}_{2}1-s)$
Schwartz-Bruhat $f$ ,
$\omega_{f}(s)$ .
$k\mapsto A_{k}$ $k$ $A_{k}$ . $(A_{k}, k)$
Poisson $\omega_{f}(s)$
$\omega_{f}(s)=\int_{0}^{1}h_{f}(x)x^{s}\frac{dx}{x}$ ,
$h_{f}(s)=- \int_{\gamma\in A_{k}^{1}/k^{\cross}}\int_{\beta\in\partial k^{\cross}}(f(x\gamma\beta)-x^{-1}\hat{f}(x^{-1}\gamma\beta)^{s-1})d\mu(\beta)d\mu(\gamma)$
. $A_{k}^{\cross}$ $\cross$ , $h_{f}(s)$
$\zeta(f, s)$ boundary term . $\partial k^{x}$ Poisson
. , $\partial k^{\cross}$ $\{0\}$ , boundary term $h_{f}(s)$
$h_{f}(x)=-\mu(A_{k}^{1}/k^{x})(f(0)-x^{-1}\hat{f}(0))$
. $\omega_{f}(s)$ , $(f, s)\mapsto(\hat{f}, 1-s)$
. $\zeta(f, s)$
. , .
Schwartz-Bruhat $\hat{\zeta}_{k}(s)=((f_{0}, s)$ ,




-Tate $A_{k}^{\cross}=$ GLl $(A_{k})$ , $GL_{n}$ ,
$G$ , $G(A_{k})$ $L$
. $GL_{1}$ $G$
, .
1.3. Zeta functions of dimension two schmemes. Dedekind
$B=Spec\mathcal{O}_{k}$ . Dedekind
$A_{k}$ . $A_{k}$ $Spec\mathcal{O}_{k}$
, $X$ $A_{X}$ ,
$(_{X}(s)$ $A_{X}$ ( )
. $k$
Fesenko [1, 2] .
regular model . Fesenko
$k$ , $0$ .
$E$ $k$ , $\mathcal{E}arrow B=Spec\mathcal{O}_{k}$ $E$ $k$ regular
proper model . $\mathcal{E}$
$\zeta_{\mathcal{E}}(s)=n_{\mathcal{E}}(s)(E(s),$ $\zeta_{E}(s)=\frac{\zeta_{k}(s)(k(s-1)}{L(E,s)}$ (1.1)
([1, section 47]). $n_{\mathcal{E}}(s)$ $\mathcal{E}arrow B$ singular fibres
Euler 2
$n_{\mathcal{E}}(s)= \prod_{1\square j\square J_{\mathcal{E}}}(1-q_{j}^{1-s})^{-1}$
, (1.2)
$L(E, s)$ $E$ Hasse-Weil $L$ . $L(E, s)$ , $\Gamma$
$\hat{L}(E, s)$ $\hat{L}(E, s)=\omega_{E}\hat{L}(E, 2-s)(\omega_{E}\in\{\pm 1\})$
.
$S$ $\mathcal{E}arrow B$ horizontal curves vertical curves
. $\mathcal{E}$ $y$ $y$ $x\in y$ $K_{x_{2}y}$ 3. $\mathcal{O}_{x_{1}y}$




. $\prod^{J}$ $K_{x,y}$ integral structure
. [1, 2] . $K_{x,y}$ 1. integral
structure $\mathcal{O}_{x,y}$ , 2 integral structure $O_{x_{1}y}$ . $A\epsilon$ 1 integral
structure , A$\mathcal{E}$ ,s} 2 integral structure . $\iota\breve\propto$ } $A_{\mathcal{E}}$
1- ( $\mathcal{E}$ ) , $A_{\mathcal{E},S}$ O- .
$2_{qj}=$ , $i\neq i’$ $qj\neq qJ’$ . $J_{\mathcal{E}}\geq 1$ .
3 $0$ , : $F$ $n$





. $A_{\mathcal{E},S}^{\cross}$ . ,
$\zeta_{\mathcal{E},S}(f, s)$ :
$\zeta_{\mathcal{E},S}(f, s)=\int_{T_{\mathcal{E},S}}f(t)[t]^{s}d\mu_{T}(t)$ ,
$f$ ( $A_{\epsilon,s}\cross A_{\epsilon,s}$ ( ) Schwartz-Bruhat , $T_{\mathcal{E},S}$ $\tau_{\epsilon,s}=$
$\prod_{y\in S}’T_{y}$ $A_{\mathcal{E},S}^{x}\cross A_{\mathcal{E},S}^{x}$ $y\in S$ 4 $T_{y}=A_{y}^{\cross}\cross A_{y}^{\cross}$




$\zeta_{\mathcal{E},S}(f_{0}, s)=\prod_{1\square i\square I_{\mathcal{E},S}}(\kappa-\{(s/2)^{2}\cdot c_{\mathcal{E}}^{1-s}\zeta_{\mathcal{E}}(s)^{2}\wedge$
(1.3)
. $c\epsilon$ } $\mathcal{E}arrow B$ singular fibres ([1, Theorem 40,
Theorem 47] $)$ . $\mathcal{E}$ $\zeta_{\mathcal{E}}(s)$
. ,
$\Re(s)>2_{arrow}\vee$
$\zeta_{\mathcal{E}_{2}S}(f, s)=\xi(f, s)+\xi(\hat{f}, 2-s)+\omega_{f}(s)$,
, $\xi(f, s),$ $\xi(\hat{f}, 2-s)$ Schwartz-Bruhat $f$
. $\zeta_{\mathcal{E},S}(s)$ , ,
$\omega_{f}(s)$ .
, (1.1) (1.3) , $\omega_{f}(s)$
$L(E, s)$ . ,
$\omega_{f}(s)$ $L(E, s)$ Riemann !
.
- -Weil , $L(E, s)$ $GL_{2}(A_{k})$ $\pi$
$L$ $L(\pi, s)$ ( ) .
$L(E, s)$ $GL_{2}(A_{k})$
. , $GL_{2}(A_{k})$ $L(E,$ $s)$ (
) . $L$ $L(E, s)$
$\zeta_{\mathcal{E}}(s)$ , $\zeta_{\mathcal{E},S}(s)$ , $L(E, s)$
$A_{\mathcal{E},S}$ .
$4_{y\in S}$ horizontal curve smooth vertical curve
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2.
$k=\mathbb{Q}$ , $f_{0}$ (1.3)
$\omega_{\mathcal{E}}(s)=\omega(f_{0}, ||_{2}^{s})$ .
. $\omega_{\mathcal{E}}(s)$ $(0, \infty)$ $h_{\mathcal{E}}(x)$ (boundary term)
$\omega_{\mathcal{E}}(s)=$ (const) $\cross\int_{0}^{1}h_{\mathcal{E}}(x)x^{s-2}d\prime x$ $(\Re(s)>2)$ (2.1)
. 3 $(t)$
$h_{\mathcal{E}}(x)-P_{\mathcal{E}}(\log(1/x))arrow 0$ $(xarrow+0)$ .
. $(0, \infty)$ $Z_{\mathcal{E}}$
$Z_{\mathcal{E}}(x)=(-x \frac{d}{dx})^{4}h_{\mathcal{E}}(x)$ .
. $Z_{\mathcal{E}}(x)$ $x=0$ $L(E, s)$
.
1 (Fesenko [1]). :
(1) $x_{0}$ , $Z_{\mathcal{E}}(x)$ $(0, x_{0})$ ,$E$’
(2) $L(E, s)$ (1, 2) .
$((s/2) \frac{\zeta(s)\zeta(s-1)}{L(E,s)}$
$L(E, s)$ $\Re(s)=1$ . $\zeta(s)$ Riemann
, $L(E, s)$ $\Re(s)=1$ .
$Z_{\mathcal{E}}(x)$ $x=0$ (2) $\zeta(s)$ Rie-
mann $L(E, s)$ Riemann 5. $Z_{\mathcal{E}}(x)$
( ) $L(E, s)$ Riemann .
1. $E$ $\mathbb{Q}$ . $E$ modular $L(E, s)$
. $L(E, s)$ $\Re(s)=1$ ,
$s=1$ . $L(E, s)$
$\sum_{0<\Im(\rho)\square T}|L’(E, \rho)|^{-2}=O(T)$
. (2.2)
. $\rho$ ( $0<\Im(\rho)\leq T$ $L(E, s)$ $\Re(s)=1$
. $r_{E}\geq 0$ $L(E, s)$ $s=1$ ;
$J_{\mathcal{E}}’(\leq J_{\mathcal{E}})$ (12) Euler $qj$ . $Z_{\mathcal{E}}(x)$
$x=0$ .
5 $E/\mathbb{Q}$ , (2) ([81).
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(1) $7_{\Gamma}\geq 1$ $J_{\mathcal{E}}\geq J_{\mathcal{E}}’+1$ . $x_{t’}>0$ $Z_{\llcorner}c(x)$ $(0_{7}:\epsilon_{f})$
. , $xarrow[)^{+}$
$Z_{\mathcal{E}}(x)=-Cx| \log x|^{2(r_{E}+J_{\mathcal{E}})+1}(1+O(\frac{l}{|\log x|}))$ $(xarrow 0^{+})$
. $C$ .
(2) $r_{E}=0$ $J_{\mathcal{E}}=J_{\mathcal{E}}’$ ,
$Z_{\mathcal{E}}(x)=-(C+v(x))x| \log x|^{2J_{\mathcal{E}}+1}(1+O(\frac{l}{|\log x|}))$ $(xarrow 0^{+})$
, $v(x)=O(1)$ . $n_{\mathcal{E}}(s)^{-1}$ $L(E, s)$
, $v(x)=O(|\log x|^{-1})$ .
1. (2.2) Riemann
$\sum_{0<\gamma\square T}|\zeta’(\rho)|^{-2k}=O(T(\log T)^{(k-1)^{2}})$
$(k\in \mathbb{R})$ , (2.3)
. Riemann .
(2.3) Gonek [3] Hejhal [4] . $f$
$k>1$ , $N$ Hecke . Murty
Perelli [7] $L(f, s)$ Riemann pair correlation
$L(f, s)$ . Wiles $\mathbb{Q}$
- -Wil , $L(E, s)$ Riemaim pair correlation
$L(E, s)$ .
2. 1(2) $|v(x)|<C$ . , $|v(x)|<C$
.
Proof. [10] Proposition4 $n_{\mathcal{E}}(s)$
1 1 $Z_{\mathcal{E}}(x)$ $x=0$ $L(E, s)$ Riemann
. $Z_{\mathcal{E}}(x)$ $x=0$
.





$Z_{n}(x)=\{\begin{array}{ll}32 x^{2}\log x+16x^{2}\log(nQ)+O(x^{2+2N}) (xarrow 0^{+}),32 n^{-1}x^{2}\log x+16n^{-1}x^{2}\log(nQ)+O(x^{-2N}) (xarrow+\infty)\end{array}$
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$N>0$ . $Q=e^{\gamma+4}/4\pi$ .
$R>1$ $n_{0}$ , $n$
$Z_{n}(x)= \frac{n_{0}}{n}Z_{7t_{O}}(x\sqrt{\frac{n}{n_{0}}})+O(\frac{1}{n})$ , $x\sqrt{\frac{7l}{n_{0}}}\leq R<1$ . (2.5)
$Z_{\tau\iota}(x)$ $x=0$ . $A(n)$ ,





(2.4) $xarrow 0^{+}$ .
.
3([10]). $B(n)$ 2 $A(n)$ $\tau(n)=\sum_{d|n}1$
$B(n)= \sum_{d|n}A(d)\tau(n/d)$ ,
. $N>0$
$Z_{E}(x)=- \frac{2}{\pi}\sum_{n=1}^{\infty}\frac{B(n)}{n}K(2\pi nx^{2})+O(x^{N})$ $(xarrow 0^{+})$
$K(t)=(16t^{5}+288t^{3}+16t)K_{0}(t)-(128t^{4}+64t^{2})K_{1}(t)$
$K_{\nu}(t)$ K-Bessel . $0<\epsilon<1,$ $R>1$ $\alpha\beta<\epsilon$
$0<\alpha<1,$ $\beta>1$
$Z_{E}(x)=- \frac{2}{\pi}\sum_{n\square Rx^{-2-}}\frac{B(n)}{\alpha n}K(2\pi nx^{2})+O(x^{\alpha\beta-\epsilon})$ .
3. $E/\mathbb{Q}$ $R$ $R=20$ .
2 3 4 .
4 ([10]). (2.1) $h_{\mathcal{E}}(x)$ (boundary term) $|$
$h_{\mathcal{E}}(x)= \sum_{n=1}^{\infty}A(n)V_{n}(x)$ .
. $V_{n}(x)$ K-Bessel
$V_{n}(x)=4 \sum_{m=1}^{\infty}\tau(m)[K_{0}(2\pi mnx^{-2})-x^{2}K_{0}(2\pi mnx^{2})]$
.
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( 1 $\sim$ 4) $A_{\mathcal{E},S}$ (
$A_{\mathcal{E}S}$ ). 4 $A_{k}$
$\omega_{f}(s)$ Poisson
. 2, 3 4 , $Z_{\mathcal{E}}(x)$ $x=0$
, $A_{\mathcal{E},S}$ duality(theta formula)
.
$A_{\mathcal{E},S}\cross A_{\mathcal{E},S}$ theta formula $h_{\mathcal{E}}(x)$ $A_{k}$
$T_{\mathcal{E},S}\subset A_{\mathcal{E},S}^{x}\cross A_{\mathcal{E},S}^{x}$
$T_{0}$ ,
4 . $A_{\mathcal{E},S}\cross A_{\mathcal{E},S}$ theta
formula 4 $h_{\mathcal{E}}(x)$ ,
. $T_{0}$
( ). $T_{0}$
$Z_{\mathcal{E}}(x)$ $x=0$ ( $=$. $L(E,$ $s)$ Riemann )
. $T_{0}$ $h_{\mathcal{E}}(x)$ mean-periodicity .
3.
$E/k$ Hasse-Weil $L$ $L(E, s)$
$k=\mathbb{Q}$ , $E/k$ . $k=\mathbb{Q}$
$E/\mathbb{Q}$ modular , $E/\mathbb{Q}$ modular
, Wiles $k$




$L(E, s)$ . , $(\epsilon(s)$
, $\omega_{f}(s)$ , $L(E, s)$
. $\omega_{f}(s)$ $\mathbb{C}$ boundary term $h_{f}(x)(x\in \mathbb{R}_{+}^{\cross})$
$A_{\mathcal{E},S}$ .
$\omega_{f}(s)$ $\mathbb{C}$ , Fesenko [2] $h_{f}(x)$ mean-
periodic function . $F$ mean-periodic function
, $F$ $G\neq 0$ $F*G=0(*$
) . [11] ,
scheme mean-periodic functions
. mean-periodic function $A_{\mathcal{E},S}$
, $A_{\mathcal{E},S}$ $\zeta_{\mathcal{E}}(s)$
. .
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